Maximal intersection critical families of finite sets  by Salvi, N.Zagaglia
ELSEVIER Discrete Mathematics 155 (1996) 267 269 
DISCRETE 
MATHEMATICS 
Maximal intersection critical families of finite sets 
N. Zagag l ia  Salvi  1 
Politecnico di Milano, P. za L. da Vinci 32, 20133 Milano, Italy 
Received 15 November 1992; revised 13 December 1993 
Abstract 
A finite family of pairwise intersecting r-sets is a maximal r-clique if it cannot be extended to 
another -clique by adding a new r-set. It is intersection critical if it is not possible to replace any 
edge by some of its proper subsets, without violating the intersection property. 
We prove that if a maximal r-clique H, distinct from K;+ 1, is not intersection critical, then 
IHI > I V(H)I. 
Moreover, we prove that the system of lines of a projective plane not passing through a fixed 
point is an intersection critical r-clique, not contained in any larger one. 
1. Introduction 
Let r be a positive integer. A collection of mutual ly nondisjoint r-sets is an r-clique. 
An r-clique is maximal if it cannot be extended to another r-clique by adding a new 
r-set, not containing new vertices. 
An element x of an edge E of an r-clique H is critical if there exists another edge E' 
such that Ec~E'= {x}; otherwise, x is noncritical. 
An r-clique H is said intersection critical [6] if for every H e H and x ~ H there is an 
H'  e H such that H n H'  = {x}. For  instance a finite projective plane of order r - 1 is 
a maximal intersection critical r-clique. Fiiredi conjectured [4] that if N is a maximal  
clique, then 
I HI >/I v(H)l. (1) 
Although a counterexample was determined I-2], it is worth determining conditions 
under which (1) is satisfied. In Theorem 1 we shall prove that if a maximal  r-clique, 
distinct from K;+ 1, is not intersection critical, then I H I > I V(H)I. Moreover,  we shall 
prove (Proposit ion 1) that the system of lines of a projective plane not passing through 
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a fixed point is an intersection critical r-clique, maximal with respect the intersection 
critical property, but not maximal with respect he intersection property. 
2. Noncritical elements 
Recall that the collection of all r-subsets of a set of order r + 1 is denoted K,~+ 1. This 
hypergraph is a maximal nonintersection critical r-clique having the same number of 
edges and elements. The following theorem proves that it is the only hypergraph 
satisfying this condition. 
Theorem 1. Let  H be a maximal  nonintersection critical r-clique, distinct f rom Kr+l, 
r >~ 3. Then it satisfies [ H [ > [ V(~)[ .  
Proof. Let J V(H)[ = n. By assumption, H e H follows for all r-sets H c V(H) such 
that H meets all the sets of H; moreover, H contains noncritical elements. 
Let E = {al . . . . .  ak,bl ,  ... ,bh} an edge of H, and ai, bj, respectively, critical and 
noncritical elements of H, where k t> 0, h > 0. 
Let {cl,c2, ... ,c=} the set V(H) \E .  
Since b~ are noncritical, each r-set D~j = (E\{b~})u{cj} is a transversal of H, 
therefore it belongs to H. If k=0,  then h - - r />2,  otherwise H=K;+I .  Thus 
I H I >1 rs + 1 > r + s = n, for r, s > 1. Hence assume k ~> 1. Then H contains also the 
sets E't such that EnE'~ = {at}, 1 ~< t ~< k. A transversal T of the intersecting collection 
E~, E~, ..., E~, has order less than or equal to [- k/2 7. Then T w {al}, of order less than 
r, intersects the edges of the collection F = {E, D~j, E't}. Thus F is not maximal and 
I kfl l > l F l = sh + k + l >>. s + h + k = n. [] 
Corollary 1. I f  H is a maximal  r-clique satisfying I H J ~< JV(H)1, then it is intersection 
critical. 
Theorem 1 is not invertible. In fact, we can consider the example given by the 
hypergraph K~r- 1. It is a maximal intersection critical r-clique, where the number of 
edges is greater than the number of elements. 
Now, we shall give an example of an intersection critical r-clique H, maximal with 
respect he intersection critical property, but not maximal with respect he inter- 
section property. 
Let P denote the system of lines of a projective plane of order n. Let us fix an 
arbitrary line Eo of P, Eo = {Xo,Xl . . . . .  xn} and denote by ~ i  the set of lines of 
P containing xl, but Eo. Let 0_i = M~-  {xi}, that is D_~ = {E-  xi: E ~ gz, x~ ~ E, 
E ~ Eo}. The D_~'s are different classes of parallel lines, 10-11 = n. Let us set 
M = UT= 1 ~,  the collection of n 2 lines not passing through Xo. 
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Proposition 1. The collection ~ is an intersection critical (n + 1)-clique, not contained 
in any larger one. 
Proof. Clearly, ~ is an intersection critical (n + 1)-clique. To prove that ~ is 
maximal, suppose on the contrary that some B = {bo . . . . .  b,}¢M has nonempty 
intersection with every edge of M. If B meets each L e E o, then B shares a point with 
every line of P, contradicting the well-known fact that the plane cannot have 
a blocking set of n + 1 elements. Otherwise, I B n L I/> 2 for some L e Eo. Observe that 
L c B cannot hold, as the element x e B \L  should not be critical for B. 
Choose any x • L \B .  Now, x is contained in n edges of ~ which cover each x '¢L  
precisely once, therefore B should meet hem in n distinct points, plus B has more than 
one point in L. This contradicts I BI = n + 1. [] 
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